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Tuff (Tidwell and Wilson, 1999b) at four support scales i r (see Section 2 for a detailed description). 67 As a preliminary observation, one can note that increasing the measurement scale i r yields a 68 decreased level of descriptive detail of the heterogeneous spatial distribution of the system properties. 69 It is important to note that a decreased level of details in the description of the system properties (e.g., 70 i r Y ) could hinder reliability and accuracy of further predictions of system behavior (in terms of, e.g., 71 flow and solute transport patterns). It is therefore relevant to quantify the amount of loss (or of 72 preservation) of the information about the system properties associated with a fine scale(s) of 73 reference as the data support increases. 74 Our study aims at providing an assessment and a firm quantification of these aspects upon 75 relying on Information Theory (IT) (e.g., Stone, 2015) and the multiscale collection of data described 76 above. We consider such a framework of analysis as it provides the elements to quantify (i) the 77 information content associated with a dataset collected at a given scale as well as (ii) the information 78 shared between pairs or triplets of datasets, each associated with a unique scale (while preserving the 79 design of the measurement device). In this context, IT represents a convenient theoretical framework 80 to properly assist the characterization of the way the information content is distributed across sets of 81 measurements, without being confined to a linear analysis (relying, e.g., on analyses of linear 82 correlation coefficients) or invoking some a priori assumption(s) about the nature of the heterogeneity 83 of permeability (e.g., the characterization of the datasets through a Gaussian model). 84 To the best of our knowledge, only a limited set of works consider relying on IT concepts to 85 analyze scenarios related to processes taking place in porous media. Nevertheless, we note a great 86 variety in the topics covered in these works, reflecting the broad applicability of IT concepts. These faces of a cubic block of Berea Sandstone (hereafter denoted as Berea) and Topopah Spring Tuff The information content shared by two random variables, i.e., 1 X and 2 X , is termed bivariate 171 mutual information and is defined as
where N and M represent the number of bins associated with 1 X and 2 X , respectively; with the entropy of either of the two variables when one variable fully explains the other one, i.e.,
In light of the latter observations, it is clear that the bivariate mutual 181 information can be also interpreted as a measure of the degree of dependence between 1 X and 2 X .
182
When considering three discrete random variables, it is possible to quantify the amount of 183 information that two of these (termed as sources, i.e., 1 S X and 2 S X ) share with the third one (termed 184 as target variable, i.e., T X ) upon evaluating the following multivariate mutual information The bivariate mutual information shared by the target and each source can be written as
Note that (5) reflects the nature of the information that is shared by the target and each of the sources, 207 when these are taken separately, i.e., no synergy can be detected here. We also remark that one should 208 expect the emergence of some redundancy of information when the two sources are correlated.
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An additional element of relevance for the aim of our study is the interaction information 
Here, ( ; 
According to (7), the bivariate interaction information could be either positive, i.e., when synergetic 217 interactions prevail over redundant contribution, or negative, i.e., when the degree of redundancy 218 overcomes the synergetic effects.
219
Inspection of (4)-(7) reveals that an additional equation is required to evaluate all components other components in (4) can be determined. 241 We emphasize that, despite some additional complexities, analyzing the partitioning of the 242 multivariate mutual information provides valuable insights on the way information is shared across convergence of the results illustrated in Section 4 (i.e., we employ the same specific binning for the 264 Berea and the Topopah rock samples to assist quantitative comparison of the results). Note that we 265 consistently employ this binning for the evaluation of all metrics introduced in Section 2. 266 We remark that the bivariate and multivariate mutual information metrics are evaluated by 267 focusing on the joint probability mass function grounded on the multi-scale data collected at the same 268 location on the sampling grids. Figure 3d 275 depicts the bivariate mutual information between data collected at two distinct support scales. This is very similar for (i) the two analyzed reference support scales, i.e., 1 r and 2 r , and (ii) for the two 311 considered rock types. We interpret this result as a sign of (at least qualitative) consistency in the way 312 information is shared between datasets of measurements associated with increasing size of 
325 Results in Figure 4a -b suggest that for the Berea sample: (i) most of the multivariate information is 326 redundant, a finding that can be linked to the dependence detected between the sets of data associated 327 with the two coarser support scales (see, e.g., Figure 3d ); (ii) the synergetic information is practically 328 zero for both triplets considered, i.e., the simultaneous knowledge of the system at two coarser scales information with respect to that already contained in the data taken at the fine scale, i.e., the 392 synergic contribution in the resulting datasets is virtually zero.
393
Given the nature of the approach we employ, the latter is potentially amenable to be transferred to 394 analyze settings involving other kinds of datasets associated with diverse hydrogeological quantities 395 (including, e.g., porosity or sorption/desorption parameters) or considering measurement/sampling 396 devices of a diverse design. Future developments could also include exploring the possibility of 397 embedding the approach within the workflow of optimal experimental design and/or data-worth 398 analysis strategies.
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